Precalculus

Lesson 4.4: Properties of Rational Functions
Mrs. Snow, Instructor

When dealing with ratios of integers, they are identified as rational numbers. When we look at
ratios of polynomials, we call them rational functions.

A rational funetion is a function of the form

p(x)

e

where p and ¢ are polynomial functions and ¢ is not the zero polynomial. The
domain of a rational function is the set of all real numbers except those for

which the denominator ¢ is 0.

Find the domain of the rational functions:
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Graph and analyze. What happens at x = 0?7 As x gets closer to 0?7 What happensas x - ©?
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Asymptotes (pg. 219)

Let R denote a function:

If, as x — — 00 or as x — o0, the values of R(x) approach some fixed number L,
then the line y = L is a horizontal asymptote of the graph of R.

If, as x approaches some number ¢, the values |R(x)| — o0, then the line x = ¢
1 is a vertical asymptote of the graph of R. The graph of R never intersects a
‘ vertical asymptote.

' Horizontal asymptotes:
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{a) End behavior:

As x — =, the values of

R(x) approach L
: [symbolized by xh_rﬂ R(x) = L].
! That is, the points on the graph
\ of R are getting closer to
theliney= L, y=Lisa
horizontal asymptote.

(b) End behavior:
As x — —=, the values
of R(x) approach L
[symbolized by lim_R(x) = L].
That is, the points on the
graph of R are getting
closer to the line
y=L; y= Lis a horizontal

asymptote.
Vertical asymptotes:
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{c) As xapproaches ¢, the (d) As xapproaches c, the

values of R(x)— =

[for x < ¢, this is symbolized
by lim - A(x) = =

for x> ¢, this is symbaolized
by !3_'?; R(x) = =]. That is,
the points on the graph

of A are getting closer fo
thelinex=c;x=rcisa
vertical asymptote.

values of | A(x)|— =

[for x < ¢, this is symbolized
by jm,- R(x) = —=;

for x > ¢, this is symbolized
by lim . A(x) = =]. That is,
the points on the graph

of R are gefting closer {0
thelinex=c¢;,x=cisa
vertical asymptote.




NOTE: Horizontal asymptotes may be intersected by the graph of a function! The graph of a
function will never intersect a vertical asymptote.

. There is also another type of asymptote,
OBLIQUE ASYMPTOTE.

Vertical Asymptotes
» Factor denominator and set it equal to zero. The values where the denominator goes to
zero will be the vertical asymptotes; these are the domain restrictions and will
graphically be seen as vertical asymptote(s).

F|d the vertical asymptotes if any, of the graph of each rational function.
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Horizontal and Oblique Asymptotes

Last year we learned the little mnemonic of BOBO BOTN EATSDC... This is great, except there
was one thing we did not discuss in Alg Il and that was oblique asymptotes. So a new set of
rules comes into play.

. If the ratio for the rational function is proper (fraction); the degree of the numerator is less than |
. the degree of the denominator, then it is a BOBO situation and the horizontal asymptote is
| y=0.




Find the horizontal if one exists

Find the horizontal asymptote. if one exists, of the graph of
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Numerator has a degree of n and denominator has a degree of m
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" If the ratio for the rational function is improper; the degree of the numerator is greater than or
' equal to the degree of the denominator: n = m. Divide using long division:

| This will yield the following:

| p(x) r(x)
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1. Degrees of numerator and denominator are equal n = m:
P
This is what we described last year as EATSDC; the horizontal is described by a line
a
. equal to the ratio of the leading coefficients. 5 =t
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2. Degree of numerator is one more than the denominatorn = m + 1: e /

. Divide, the quotient obtained is of the form of ax + b, the line y = ax + b is the
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Divide, the quotient is a polynomial for degree 2 or higher. R will have neither
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Find the horizontal or oblique asymptote, if one exists, of the graph of
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Find the horizontal or oblique asymptote, if one exists, of the graph of
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Find the horizontal or oblique asymptote, if one exists, of the graph of
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Precalculus
Lessond.5: The Graph of a Rational Function
Mrs. Snow, Instructor

Calculators of course make graphing rational function much easier and quicker. However, we
need to be proficient in using algebraic analysis to draw conclusions of the graph.
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w Anaiyze the rational functlon
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Factor the numerator and denominator
F:mc' Domacm Fer

Write R in lowest terms, factor the

numerator and denominator {\\uek& Via |

Locate the intercepts of the graph:
a. x-intercepts: determine the real
zeros of the numerator
b. y=intercepts: solve for R(0)

Locate the vertical asymptotes: find the
zeros of the denominator

Locate the horizontal/oblique asymptotes:

determine whether the function is proper
or improper and follow the processes
presented in lesson 4.4. Determine the
points, if any, at which the graph of R
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Analyze the rational function:
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Analyze the rational function:
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Analyze the rational function: :
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Finding the Least Cost

Reynolds Metal Company manufactures iluminum cans in the shape of a cylinder

© 1
with a capacity of800 cubic centimeter: sz liter. The top and bottom of the

can are made of a special aluminum alloy that costs 0.05¢/per square centimeter
(sz)_ The sides of the can are made of material that costs,0.02¢/cm3.

| (a) Express the cost of material for the can as a function of the radius r of the can.

(c) What value of r will result in the least cost?
(d) What is this least cost?
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(b) Use a graphing utility to graph the function C = C(r).
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